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Introduction
The concept of “table algebra” was introduced by Z. Arad and H. Blau in [1] in order
to study in a uniform way properties of products of conjugacy classes and of irreducible
characters of a finite group.
Definition. A table algebra (A,B) is a finite dimensional, commutative algebra A with
identity element 1 over the complex numbers C, and a distinguished base B = {b1 = 1,
b2, . . . , bk} such that the following properties hold (where (bi, a) denotes the coefficient of
bi in a ∈ A, a written as a linear combination of B; and where R∗ denotes R+ ∪ {0}, the
set of nonnegative real numbers):
(I) For all i , j , m, bibj =∑m δijmbm with δijm a nonnegative real number.
(II) There is an algebra automorphism (denoted by −) of A, whose order divides 2, such
that bi ∈ B implies that b¯i ∈ B . (Then i¯ is defined by b¯i = b i¯ .)
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that
(bm, bibj ) = g(bi, bm) · (bi, b¯j bm),
where (bm, bibj ) = δijm is the coefficient of bm in the decomposition of bibj in terms
of B , g(bi, bm) is independent of j for all i , j , m.
B is called the table basis of (A,B). We always use b1 to denote base element 1, and
B to denote B \ {b1}. The elements of B are called the irreducible components of (A,B),
and nonzero nonnegative linear combinations of elements of B with coefficients in R+ are
called components. If a =∑km=1 λmbm is a linear combination of elements of B (λm ∈ R∗)
then Supp{a} = {bm | λm = 0} is called the set of irreducible constituents of a. An element
a ∈ A is called a real element if a = a¯.
Let (A,B) be a table algebra with |B| = k. Let r1, r2, . . . , rk be any positive real num-
bers such that r1 = 1 and r i¯ = ri for all i . Let b′i = ribi for all i . Then B ′ := {b′i | 1 i  k}
is called a rescaling of B .
Two table algebras (A,B) and (A′,B ′) are called isomorphic (denoted B ∼= B ′) when
there exists an algebra isomorphism ψ :A → A′ such that ψ(B) is a rescaling of B ′; and the
algebras are called exactly isomorphic (denoted B ∼=x B ′) when ψ(B) = B ′. So B ∼=x B ′
means that B and B ′ yield the same structure constants.
Proposition 2.2 of [1] shows that if (A,B) is a table algebra, then there exists a ba-
sis B ′, which consists of suitable positive real scalar multiples b′i of the elements bi of B ,
g(b′i , b′j ) = 1 for any b′i , b′j ∈ B ′. Such a basis B ′ is called a normalized basis. Now
Supp{b′i1b′i2 · · ·b′it } consists of the corresponding scalar multiples of Supp{bi1bi2 · · ·bit },
for any sequence i1, i2, . . . , it of indices. So in the proof of any proposition which identi-
fies the irreducible constituents of a product of basis elements, we may assume that B is
normalized.
Suppose that B is normalized. It follows from (III) and [1, Section 2] that A has a
positive definite Hermitian form, with B as an orthonormal basis, and such that
(a, bc)= (ab¯, c)
for all a, b, c ∈ RB .
It follows from [1, Section 2] that there exists an algebra homomorphism f from A to C
such that f (B) ⊆ R+. For an element b ∈ B , f (b) is called the degree of b. If f (a) = f (b)
for any a, b ∈ B, then (A,B) is called a homogeneous algebra. If f :b → (bb¯,1), for any
b ∈ B is an algebra homomorphism, then (A,B) is called a standard table algebra.
Table algebras, as they were defined, may be considered as a special class of C-algebras
introduced by Kawada [7] and Hoheisel [8]. More precisely, a table algebra is a C-algebra
where the structure constants are nonnegative. Each finite group G yields two natural table
algebras: the table algebra of conjugacy classes (denoted by (Z(C(G)),Cl(G))) and the
table algebra of class functions (denoted by (Ch(G), Irr(G))). Both table algebras arising
from group theory have an additional property: their structure constants and degrees are
nonnegative integers. Such algebras were defined in [9] as integral table algebras (ITA).
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bra whose nontrivial degrees are equal. The first result in this direction was obtained by
Z. Arad and H. Blau in [1] where they classified homogeneous table algebras of degree 1.
The classification of homogeneous integral table algebras of degree 2 with a faithful ele-
ment was obtained by H. Blau in [3]. The classification of standard homogeneous integral
table algebras of degree 2 with L1(B) = 1 was completed in [18], where L1(B) is the set
of linear basis elements, that is, the set of elements of degree 1. This research was contin-
ued in [6] where a complete classification of homogeneous integral table algebras with a
faithful element of degree 3 was obtained.
Another important class of ITA is comprised of so-called standard integral table alge-
bras which axiomatize the properties of Bose–Mesner algebras of commutative association
schemes.
Each elements of a table basis is contained in a unique table subalgebra that is minimal
with respect to containing the element; this may be considered as a table subalgebra gener-
ated by this element. So it is natural to start the study of integral table algebras from those
which are generated by a single element. Integral table algebras generated by an element
of degree 2 and with no nontrivial linear elements of degree a power of 2 were completely
classified by H. Blau in [2]. If a table algebra is generated by an element of degree three
or greater, then its structure is more complicated. If a generating element is real, then we
are faced with a classification of P-polynomial table algebras which, in the case of being
done, would imply powerful consequences for a classification of distance-regular graphs.
In contrast to this, if a generating element is nonreal and of small degree, then either a
complete classification or important structure information may be obtained. For example,
a complete classification of standard integral table algebras generated by a nonreal element
of degree 3 were found in [10,11] under the additional assumption that there is no nontriv-
ial basis element of degree 1. In [4], integral standard table algebras generated by a nonreal
element of degree 4 or 5 were investigated.
The finite linear groups in dimension n  7 have been completely classified. See
Feit [12]. Deep theory and properties of finite groups are heavily used for the proofs. For
n = 2,3,4 see Blichfeldt [13]. For n = 5 see Brauer [14]. For n = 6 see Lindsey [15]. For
n = 7 see Wales [16].
The purpose of this article is to begin the classification of normalized integral table
algebras (abbreviated as NITA) (A,B) generated by a faithful nonreal element of degree 3
and without nonidentity irreducible elements of degree 1 or 2.
Remark 1 and notations. For an integral table algebra (A,B), we have that f (a) is a pos-
itive integer and for any a, b ∈ B,ab is a nonzero nonnegative integral linear combination
of B . We use N∗ to denote the set of nonnegative integers, a ∈ N∗B for some element a
of A always means that a is a nonnegative integral linear combination of elements in B .
The index i of xi ∈ A denotes the degree of xi . For x = ∑b∈B{xbb}, y =
∑
b∈B{ybb},
combinations of B with real coefficients, x  y ⇔ xb  yb for all b.
In this paper, we state the following proposition.
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and without nonidentity basis elements of degree 1 or 2. Then one of the following holds:
HP1: b3b¯3 = 1 + 2c4, where c4 ∈ B is real;
HP2: b3b¯3 = 1 + c4 + c¯4, where c4 ∈ B;
HP3: b3b¯3 = 1 + c3 + d5, where c3, d5 ∈ B and c3, d5 are real;
HP4: b3b¯3 = 1 + c4 + d4, where c4, d4 ∈ B , c4 = d4 and c4, d4 are real;
HP5: b3b¯3 = 1 + c8, where c8 ∈ B is real.
As a consequence of this proposition we proved by elementary methods and without
using finite group theory the following Main Theorem:
Main Theorem. Let (A,B) be a NITA generated by a nonreal element b3 ∈ B of degree 3
and without nonidentity basis elements of degree 1 or 2. Then b3b¯3 = 1+ c8 and one of the
following holds:
(1) (A,B) ∼=x (Ch(PSL(2,7)), Irr(PSL(2,7)));
(2) b23 = b¯3 + b6, where b6 ∈ B is nonreal;
(3) b23 = c3 + b6, where c3, b6 ∈ B and c3 = b3, b¯3;
(4) b23 = c4 + c5, where c4 ∈ B and c5 ∈ B .
Proof. By Theorems 2.1, 3.1, 4.1, 5.1, and 6.1, we know that there exists no NITA of type
HP1, HP2, HP3, and HP4. As to the NITA that satisfy HP5, we discuss one case of this type
in Section 5 and obtain that the NITA generated by a faithful element b3 satisfying HP5 are
either isomorphic to (Ch(PSL(2,7)), Irr(PSL(2,7))) or satisfy one of (2), (3), and (4). 
Remark 2. The NITA induced from the algebra of characters of 3 · A6 is the unique NITA
satisfying (2) induced from the algebras of characters of finite groups by Blichfeldt [13]
and the Atlas of Finite Groups [17].
Remark 3. We constructed two NITA not induced from finite groups and satisfying (3).
One NITA has dimension 22 where c3 and b6 are real. The second NITA has dimension 32
where c3 and b6 are nonreal. The equations of these NITA are listed in [19]. We conjecture
that NITA satisfying (4) do not exist.
For the purpose of the proof of the Main Theorem, we list the structure of the NITA
induced from the algebra of characters of PSL(2,7) below. It has a basis B = {b1 = 1, b3,
b¯3, b6, b7, c8}, where b6, b7, and c8 are real and the following equations hold:
b3b¯3 = b1 + c8,
b23 = b¯3 + b6,
b3b6 = b¯3 + b7 + c8,
b3b7 = b6 + b7 + c8,
G. Chen, Z. Arad / Journal of Algebra 283 (2005) 457–484 461b3c8 = b3 + b6 + b7 + c8,
b26 = b1 + 2b6 + b7 + 2c8,
b6b7 = b3 + b¯3 + b6 + 2b7 + 2c8,
b6c8 = b3 + b¯3 + 2b6 + 2b7 + 2c8,
b27 = b1 + b3 + b¯3 + b6 + 2b7 + 2c8,
b7c8 = b3 + b¯3 + b6 + 2b7 + 3c8,
b28 = b1 + b3 + b¯3 + b6 + 3b7 + 3c8.
Here we also list the structure of the algebra induced from characters of 3 ·A6, which is
of dimension 17 with a table subset of dimension 7:
{1} ⊆ {1, b5, c5, b8, c8, b9, b10}
⊆ {1, b3, b¯3, c3, c¯3, b6, b¯6, c9, c¯9, b15, b¯15, b5, c5, b8, c8, b9, b10},
b3b¯3 = 1 + c8,
b23 = b¯3 + b6,
b3c3 = b9,
b3c¯3 = c9,
b3b6 = c8 + b10,
b3b¯6 = b¯3 + b¯15,
b3c9 = b9 + b8 + b10,
b3c¯9 = c3 + b¯15 + c9,
b3b15 = b6 + 2b¯15 + c9,
b3b¯15 = b5 + c5 + c8 + b8 + b9 + b10,
b3b5 = b15,
b3c5 = b15,
b3c8 = b15 + b3 + b¯6,
b3b8 = b15 + c¯9,
b3b9 = b15 + c¯9 + c¯3,
b3b10 = b15 + b¯6 + c¯9,
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c23 = c¯3 + b¯6,
c3b6 = c¯3 + b15,
c3b¯6 = b8 + b10,
c3c9 = b15 + b3 + c¯9,
c3c¯9 = c8 + b9 + b10,
c3b15 = b5 + c5 + c8 + b8 + b9 + b10,
c3b¯15 = 2b15 + b¯6 + c¯9,
c3b5 = b¯15,
c3c5 = b¯15,
c3c8 = b¯15 + c9,
c3b8 = b6 + c3 + b¯15,
c3b9 = b¯15 + b¯3 + c9,
c3b10 = b¯15 + b6 + c9,
b6b¯6 = 1 + b5 + c5 + c8 + b8 + b9,
b26 = 2b¯6 + b15 + c¯9,
b6c9 = 2b15 + 2c¯9 + b¯6,
b6c¯9 = b5 + c5 + c8 + b8 + 2b9 + b10,
b6b15 = b5 + c5 + 2c8 + 2b8 + 2b9 + 3b10,
b6b¯15 = 4b15 + b¯6 + b3 + c¯3 + 2c¯9,
b6b5 = b6 + b¯15 + c9,
b6c5 = b¯15 + b6 + c9,
b6c8 = b¯3 + b6 + 2b¯15 + c9,
b6b8 = 2b¯15 + b6 + c3 + c9,
b6b9 = 2b¯15 + b6 + 2c9,
b6b10 = 3b¯15 + b¯3 + c3 + c9,
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b215 = 9b¯15 + 4b6 + 2b¯3 + 2c3 + 6c9,
b15b5 = 3b15 + b¯6 + b3 + c¯3 + 2c¯9,
b15c5 = 3b15 + b¯6 + b3 + c¯3 + 2c¯9,
b15c8 = 5b15 + b3 + c¯3 + 2b¯6 + 3c¯9,
b15b8 = 5b15 + b3 + c¯3 + 2b¯6 + 3c¯9,
b15b9 = 6b15 + 2b¯6 + c¯3 + b3 + 3c¯9,
b15b10 = 6b15 + 3b¯6 + b3 + c¯3 + 4c¯9,
c9c¯9 = 1 + 2c8 + 2b8 + 2b9 + 2b10 + c5 + b5,
c29 = 3b15 + b3 + c¯3 + 2b¯6 + 2c¯9,
c9b¯15 = 6b15 + 2b¯6 + 2b3 + c¯3 + 3c¯9,
c9b15 = 2b5 + 2c5 + 3c8 + 3b8 + 3b9 + 4b10,
c9b5 = 2b¯15 + b6 + c9,
c9c5 = 2b¯15 + b6 + c9,
c9b8 = 3b¯15 + b¯3 + b6 + 2c9,
c9c8 = 3b¯15 + b6 + c3 + 2c9,
c9b9 = b¯3 + 2c9 + 3b¯15 + c3 + 2b6,
c9b10 = b¯3 + 2c9 + 4b¯15 + c3 + b6,
b25 = 1 + b9 + b10 + b5,
b5c5 = c8 + b8 + b9,
b5c8 = c5 + c8 + b8 + b9 + b10,
b5b8 = c5 + c8 + b8 + b9 + b10,
b5b9 = c8 + c5 + b8 + b5 + b9 + b10,
b5b10 = c8 + b8 + b9 + b5 + 2b10,
c25 = 1 + b9 + b10 + c5,
c5c8 = b5 + c8 + b8 + b9 + b10,
c5b8 = b5 + c8 + b8 + b9 + b10,
c5b9 = b8 + c8 + b5 + c5 + b9 + b10,
c5b10 = b8 + c8 + b9 + c5 + 2b10,
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b8b9 = b5 + c5 + 2c8 + b8 + 2b9 + 2b10,
b8b10 = b5 + c5 + 2c8 + 2b8 + 2b9 + 2b10,
c28 = 1 + b5 + c5 + 2c8 + b8 + b9 + 2b10,
c8b8 = b5 + c5 + c8 + b8 + 2b9 + 2b10,
c8b9 = b5 + c5 + c8 + 2b8 + 2b9 + 2b10,
c8b10 = b5 + c5 + 2c8 + 2b8 + 2b9 + 2b10,
b29 = 1 + b5 + c5 + 2c8 + 2b8 + 2b9 + 2b10,
b9b10 = b5 + c5 + 2c8 + 2b8 + 2b9 + 3b10,
b210 = 1 + 2b5 + 2c5 + 2c8 + 2b8 + 3b9 + 2b10.
This normalized table algebra is strictly isomorphic to the normalized table algebra
(Ch(3 · A6), Irr(3 · A6)) as one can prove using the Atlas [17].
1. Preliminaries
Lemma 1.1. Let (A,B) be a normalized table algebra, where a, b ∈ B , then 1 ∈ Supp{ab}
iff (a, b¯) = 1 iff (ab,1) = 1 iff a = b¯.
Proof. Since 1 ∈ Supp{ab} implies that
ab = k · 1 + s,
where k a positive real number, s is a nonnegative real linear combination of elements of
B \ {1}. Hence (ab,1)= k, which implies that (a, b¯) = k > 0. Since a, b ∈ B , we have that
k = 1 and the lemma follows. 
Lemma 1.2. Let (A,B) be a table algebra with a, b, and c three elements in B . If c ∈
Supp{ab}, then b ∈ Supp{a¯c}.
Proof. If c ∈ Supp{ab}, then (ab, c) > 0. Hence (a¯c, b) > 0. The result follows. 
Lemma 1.3. Let (A,B) be a NITA with L1(B) = 1 and the L2(B) = ∅, where L2(B)
is the set of base elements of degree 2. Suppose that c is a nonnegative integral linear
combination of elements of B \ {1}.
(1) If f (c) 5, then c ∈ B .
(2) If f (c) = 6, then c is either irreducible or c is a sum of two irreducible elements of
degree 3.
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degrees 3 and 4.
Proof. Obviously the results follow from the assumptions. 
Lemma 1.4. Let (A,B) be a NITA with L1(B) = 1 and the L2(B) = ∅. Let a3, b3, b4, and
a5 be four elements in B , then the following hold:
(1) (a3b3, a5) 1, (a3a5, b3) 1;
(2) (a3b4, a5) 1, (a3a5, b4) 1;
(3) (a3a¯3, b3) 1.
Proof. (1) If (a3b3, a5) 2, then 2a5 is a part of a3b3. But f (2a5) = 10 and f (a3b3) = 9,
a contradiction. Hence (a3b3, a5) 1. Now the other result of (1) follows automatically.
(2) If (a3b4, a5)  2, then a3b4 contains an element of degree 2 by comparing the de-
grees of a3b4 and 2a5.
(3) If (a3a¯3, b3) 2, then 1 + 2b3 is a part of a3a¯3, which is impossible since L1(B) =
{1} and L2(B) = ∅. 
Lemma 1.5. Let (A,B) be a NITA with L1(B) = 1 and the L2(B) = ∅. Suppose m3m¯3 =
1 + t3 + t5, where m3, t3, t5 ∈ B , then
(I) If both e3 and n3 ∈ B satisfy one of HP2–HP5, then (n3e3, n3e3) 3.
(II) If (m3e3,m3e3) = 3, then e3e¯3 = m3m¯3.
(III) If (m3e3,m3e3) = 2, then e3e¯3 = 1 + t3 + w5, where w5 = t5, w5 ∈ B , and δ3 = t3.
(IV) Let u3, v3, x3, and y5 ∈ B . If (u3v¯3, x3) + (u3v¯3, y5) = 2, then either u3 = v3 or
(u3v¯3, x3) = 2.
Proof. By the definition of HP2–HP5, we have that (I) follows. (II) and (III) follow from
Lemma 1.4. If (u3v¯3, x3) + (u3v¯3, y5) = 2, then either (u3v¯3, x3) = (u3v¯3, y5) = 1 or
(u3v¯3, x3) = 2 by Lemma 1.4. If the former case holds then 1 ∈ Supp{u3v¯3}, which im-
plies that u3 = v3.
In the rest of the paper, we always assume that: Let (A,B) be a NITA with L1(B) = 1
and the L2(B) = ∅, b3 nonreal. 
2. NITA satisfying HP1
We shall prove that there exist no NITA generated by an element b3 satisfying HP1. We
have the following theorem:
Theorem 2.1. There exists no NITA satisfying HP1.
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2
3) = (b3b¯3, b3b¯3) = 5, which implies that b23
is reducible. Clearly b23 does not contain constituent 1 since b3 is not real. Since b
2
3 is of
degree 9 and (b23, b
2
3) = 5, we have that
b23 = δ3 + 2ω3, for some δ3 = ω3 ∈ B \ {1},
or e3e¯3 = 1 + δ3 + t5 where δ3 ∈ B .
Since b3 /∈ Supp{b3b¯3}, it follows that δ3,ω3 = b3. Now (b¯3ω3, b3) = (b23,ω3) = 2 im-
plies that
b¯3ω3 = 2b3 + u3, for some u3 ∈ B \ {1, b3}.
So
b¯3b
2
3 = b¯3δ3 + 2b¯3ω3 = b¯3δ3 + 4b3 + 2u3,
b3(b3b¯3) = b3 + 2b3c4.
Since b3 is a constituent of b¯3δ3 with coefficient 1, it follows that
b¯3δ3 = b3 + 2v3, for some v3 ∈ B \ {1, b3}.
Then b3c4 = 2b3 + u3 + v3. Hence, (b3c4, b3c4) is even. But (b3c4, b3c4) = (b3b¯3, c24) =
(1 + 2c4, c24), which is a contradiction. Hence Theorem 2.1 follows. 
3. NITA satisfying HP2
We shall investigate NITA satisfying HP2 in this section and prove that there exists no
NITA satisfying HP2. Namely, we have
Theorem 3.1. There exists no NITA satisfying HP2.
Proof. From HP2 we have that (b23, b
2
3) = (b3b¯3, b3b¯3) = 3, e.g., b23 has exactly three dis-
tinct irreducible components, but does not contain b3. Hence
b23 = α3 + β3 + γ3, (1)
where α3, β3, γ3 ∈ B \ {b3} are distinct. Then (b¯3α3, b3) = (b23, α3) = 1 implies that b3 
b¯3α3; and similarly, b3  b¯3β3, b3  b¯3γ3. Also, (b3c4, b3) = (b3b¯3, c4) = 1 implies that
b3  b3c4, hence (b3c4, b3c4) 2. Then (b3b¯3, c4c¯4) 2. It follows that 1+c4 + c¯4  c4c¯4
(real), 1 + 2c4 + 2c¯4  c4c¯4, and so (b3b¯3, c4c¯4) = 3. Hence
3 = (b3c4, b3c4) = (b3c¯4, b3c¯4).
Thus
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3b3 + u + v + r + s = b3 + b3c4 + b3c¯4 = b3(b3b¯3) = b¯3b23 = b¯3α3 + b¯3β3 + b¯3γ3.
Where u = v and r = s ∈ B \ {b3}. By choice of notation (among α3, β3, γ3) we thus may
assume that
b¯3α3 = b3 + x, for x one of u,v, r, s.
Then 2 = (b¯3α3, b¯3α3) = (b3b¯3, α3α¯3). Hence, c4 or c¯4  α3α¯3. Since α3α¯3 real, we obtain
that α3α¯3 = 1 + c4 + c¯4, and then (b3b¯3, α3α¯3) = 3, a contradiction. 
4. NITA satisfying HP3
In this section we shall prove the following theorem:
Theorem 4.1. There exist no NITA satisfying HP3.
Proof. The theorem follows from Theorems 4.1.1 and 4.2.1 below. 
Recalling HP3: b3b¯3 = 1 + c3 + d5. As before, we have that
b23 = α3 + β3 + γ3,
where α3, β3, γ3 ∈ B \ {1, b3}. And b3c3 = b3 + h6, where h6 ∈ N∗B .
By Lemma 1.5(I), either h6 ∈ B or h6 = r3 + s3, where r3 = s3, so either b3c3 = b3 +
r3 + s3 or b3c3 = b3 + h6, h6 ∈ B .
4.1. NITA satisfying HP3 and b3c3 = b3 + r3 + s3
In this section, we shall prove that there exist no NITA satisfying HP3 and b3c3 =
b3 + r3 + s3. By Lemma 1.5, it follows
c23 = 1 + c3 + d5.
Lemma 4.1.1. r3, s3, b3, b¯3, and c3 are distinct.
Proof. Obviously r3, s3, and b3 are distinct. If one of r3 and s3 is c3, then b3 ∈ Supp{c23}
by Lemma 1.2, a contradiction. If one of r3 and s3 equals b¯3, let r3 = b¯3, then b3c3 =
b3 + b¯3 + s3. Since
b3c3 + b¯3c3 + c3s3 = (b3 + b¯3 + s3)c3 = b3c23 = b3 + b3c3 + b3d5,
so b3d5 = b¯3 + s¯3 + c3s3 and (b23, d5) = (b3d5, b¯3) = 1, a contradiction to Lemma 1.4.
Hence r3 and s3 cannot be any one of b3, b¯3, and c3. This is the end of the proof. 
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(I) c3r3 = b3 + k6 and c3s3 = b3 + l6, where k6, l6 ∈ B;
(II) b3d5 = b3 + k6 + l6;
(III) no one of r3 and s3 is real;
(IV) r3r¯3 = 1 + d5 + L3; s3s¯3 = 1 + d5 + M3, L3,M3 ∈ B real;
(V) L3,M3, b3, b¯3, c3, r3, s3, r¯3, and s¯3 are distinct.
Proof. It follow without explanation that c3r3 = b3 + k6 and c3s3 = b3 + l6, where k6, l6 ∈
N∗(B \ {b3,1}). By associative law of b3c23 it follows that b3d5 = b3 + k6 + l6.
Suppose one of k6 and l6 is reducible, e.g., k6. Then 3 = (c3r3, c3r3) and it follows that
r3r¯3 = c23 = b3b¯3 = 1 + c3 + d5. Consequently 3 = (b¯3r3, b¯3r3), r3  c3r3, so r3  k6 and
r3  b3d5. We have then that d5  b¯3r3, which implies that (b¯3r3, b¯3r3) = 2, a contradic-
tion. Thus k6, l6 ∈ B .
If r3 is real, so is c3r3. But c3r3 = b3 + k6 and k6 ∈ B . Then b3 is real, a contradiction.
Hence r3 is not real. By the same reason one has that s3 is not real. (III) follows.
By (I), it follow that (c23, r3r¯3) = (c23, s3s¯3) = 2, and then c3 or d5  r3r¯3 and s3s¯3.
But r3  c3r3 and s3  c3s3. So d5 ∈ Supp{r3r¯3} and Supp{s3s¯3}. Hence (IV) follows and
c3 = L3 and c3 = M3.
Since L3 and M3 are real, they are not equal to b3, b¯3, r3, s3, r¯3 and s¯3. Since 2 =
(b3+k6+ l6, b3+k6) = (b3d5, r3c3) = (b3c3, r3d5) = (b3 +r3 +s3, r3d5) = (r3 +s3, r3d5),
it follows that 1 = (s3, r3d5) = (r3s¯3, d5). Notice that r3 = s3, one has that (r3s¯3, r3s¯3) = 2.
But if L3 = M3, then
3 = (r3r¯3, s3s¯3) = (r3s¯3, r3s¯3) = 2,
a contradiction. Hence L3 = M3, (V) follows from Lemma 4.1.1. 
Theorem 4.1.1. There exist no NITA satisfying HP3 and b3c3 = b3 + r3 + s3.
Proof. By the same reason as in previous sections, we have that b23 = α3 + β3 + γ3, where
distinct α3, β3, γ3 ∈ B \ {1, b3} are distinct. Then
b23b¯3 = α3b¯3 + β3b¯3 + γ3b¯3,
b3(b3b¯3) = b3 + b3c3 + b3d5 = 3b3 + r3 + s3 + k6 + l6.
Hence
3b3 + r3 + s3 + k6 + l6 = α3b¯3 + β3b¯3 + γ3b¯3.
We may assume that
α3b¯3 = b3 + r3 + s3 = b3c3, (2)
β3b¯3 = b3 + k6 = c3r3, (3)
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By Lemma 4.1.2(IV), we have that (b3r3, b3r3) = (b3b¯3, r3r¯3) = 2, (b3s3, b3s3) =
(b3b¯3, s3s¯3) = 2. Therefore
b3r3 = α3 + b6, for some b6 ∈ B, (5)
b3s3 = α3 + c6, for some c6 ∈ B. (6)
Since α3, β3, γ3 are distinct, it follows by (5), (6) that (b3, β3r¯3) = (b3, γ3s¯3) = 0.
Hence the following hold by (3) and b3c3 = b3 + r3 + s3,
2 = (c3r3, β3b¯3) = (c3b3, β3r¯3) = (r3, β3r¯3) + (s3, β3r¯3),
2 = (c3s3, γ3b¯3) = (c3b3, γ3s¯3) = (r3, γ3s¯3) + (s3, γ3s¯3).
Since 3 = (r23 , r23 ), we have that r23 is a sum of three distinct elements in B \ {1},
and then (r3, β3r¯3) = (s3, β3r¯3) = (γ3s¯3, r3) = (γ3s¯3, s3) = 1 by the above equations.
Hence (r3s3, β3) = (r3s3, γ3) = 1, which implies that (r3s3, r3s3) = 3, a contradiction to
Lemma 4.1.2(IV) and (V). 
4.2. NITA satisfying HP3 and b3c3 = b3 + h6, where h6 ∈ B
The NITA satisfying HP3 and b3c3 = b3 + r3 + s3 were investigated in the last section.
We proved that there exists no such kind of NITA. Therefore in order to complete the proof
of Theorem 4.1 we must prove the following theorem:
Theorem 4.2.1. There exist no NITA satisfying HP3 and b3c3 = b3 + h6, where h6 ∈ B .
Proof. Based on the similar calculation at the beginning of the proof of Theorem 4.1.1,
the following equations hold:
b3b¯3 = 1 + c3 + d5, (7)
b3c3 = b3 + h6, h6 ∈ B, (8)
b23 = α3 + β3 + γ3, (9)
b¯3α3 = b3 + h6 = b3c3, (10)
b¯3β3 = b3 + e6, (11)
b¯3γ3 = b3 + f6, (12)
b3d5 = b3 + e6 + f6, (13)
where distinct α3, β3, γ3 ∈ B \ {b3} and e6, f6 ∈ N∗B . Then
2 = (b¯3α3, b3c3) =
(
α3c3, b
2
3
)= (α3c3, α3) + (α3c3, β3) + (α3c3, γ3).
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(α3c3, β3), and (α3c3, γ3) is equal to 1. If one of (α3c3, α3), (α3c3, β3), and (α3c3, γ3)
equals 2, then (α3c3, α3c3) 5, a contradiction to Lemma 1.5(I). Hence it is necessary to
discuss
(α3c3, α3) = 1, (α3c3, β3) = 1,
or
(α3c3, α3) = 1, (α3c3, γ3) = 1,
or
(α3c3, β3) = 1, (α3c3, γ3) = 1.
Obviously the first two cases are equivalent. So we may assume that either the first or the
third case holds.
Because 2 = (b3c3, b3c3) = (b3b¯3, c23), we have that
c23 = 1 + c3 + θ5 or 1 + v3 + d5, where θ5 = d5, v3 = c3. (14)
By the associative law of b23b¯
2
3 = (b3b¯3)2, it follows that
α3α¯3 + α3β¯3 + α3γ¯3 + β3α¯3 + β3β¯3 + β3γ¯3 + γ3α¯3 + γ3β¯3 + γ3γ¯3
= 2 + 2c3 + v3 + 3d5 + 2(c3d5) + d25
or 2 + 3c3 + 2d5 + θ5 + 2(c3d5) + d25 . (15)
We write the remaining proof into four propositions.
Proposition 1. If there exist two irreducible elements among h6, e6, and f6, then these two
elements are distinct.
Proof. Without loss of generality, suppose that e6 and f6 are irreducible and e6 = f6.
Then 2 = (b¯3γ3, b¯3β3) = (b3b¯3, γ3β¯3) = (c3, γ3β¯3) + (d5, γ3β¯3). Hence (c3, γ3β¯3) = 2
by Lemma 1.5 and so γ3β¯3 = 2c3 + q3. Thus 5 = (γ3β¯3, γ3β¯3) = (γ3γ¯3, β3β¯3). It fol-
lows that γ3γ¯3 = β3β¯3 = 1 + 2c4 for some c4 ∈ B . Hence, 1 = (1 + 2c4,1 + c3 + d5) =
(γ3γ¯3, b3b¯3) = (b¯3γ3, b¯3γ3), a contradiction. 
Proposition 2. There exists no NITA such that (α3c3, α3) = (α3c3, β3) = 1, (α3c3, γ3) = 0.
Proof. If (α3c3, α3) = (α3c3, β3) = 1 and (α3c3, γ3) = 0, then (α3c3, α3c3) = 3. Hence it
follows by Lemma 1.5(II) that α3α¯3 = c23. But c3 ∈ Supp{α3α¯3}. So
α3α¯3 = c23 = 1 + c3 + θ5. (16)
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Section 4.1. Hence there exists no such NITA by Theorem 4.1.1. Thus we may assume that
α3 is real.
It is easy to see that 2  (b¯3β3, b¯3β3) = (b¯3b3, β3β¯3). So either c3 or d5  β3β¯3. If
d5  β3β¯3, then (α3α¯3, β3β¯3) = 1, hence α3β3 = t9 ∈ B , but c3  α3β3, a contradiction.
Therefore c3  β3β¯3. Consequently β3  c3β3. Since (α3, c3β3) = 1. Hence α3, β3  c3β3
and c3β3, from which it follows that
2 (α3c3, β3c3) =
(
α3β¯3, c
2
3
)= (α3β¯3,1)+ (α3β¯3, c3) + (α3β¯3, θ5).
Since α3 is real, α3 = β3, we have that (α3β¯3,1) = 0 and (α3β¯3, θ5) = 1, from which
α3β3  c3 + θ5, a contradiction. 
Proposition 3. There exists no NITA such that (α3c3, β3) = (α3c3, γ3) = 1, (α3c3, α3) = 0.
Proof. If (α3c3, β3) = (α3c3, γ3) = 1, then c3  α3β¯3, α3γ¯3 and
α3c3 = β3 + γ3 + a3, a3 ∈ B \ {α3, β3, γ3}. (17)
Then (α3c3, α3c3) = 3 and hence α3α¯3 = c23 by Lemma 1.5(II). Since α3 /∈ Supp{c3α3}, it
follows exactly that
α3α¯3 = c23 = 1 + v3 + d5. (18)
Since 2 (b¯3β3, b¯3β3) = (b¯3γ3, b¯3γ3), we may assume that
β3β¯3 = 1 + c3 + l5 or 1 + k3 + d5, l5 = d5, k3 = c3,
γ3γ¯3 = 1 + c3 + u5 or 1 + l3 + d5, u5 = d5, l3 = c3.
Since 1 (b¯3β3, b¯3γ3) = (b3b¯3, β3γ¯3), it must hold that c3 or d5  β3γ¯3.
We divide the proof into several steps.
Step 1. 2c3d5 + d25 contains at most 3 times c3. Especially (c3, d25 ) 1.
Otherwise (d25 , c3)  2 for (c3d5, c3) = 1. Consequently (c3d5, d5)  2. It follows by
(18) that (c3d5, c3) = 1. Hence c3d5 = c3 + 2d5 + p2, where p2 ∈ B , a contradiction.
Now the proof is continued in four cases: (1) e6, f6 ∈ B; (2) e6 ∈ B , f6 /∈ B; (3) e6 /∈ B ,
f6 ∈ B; (4) e6, f6 /∈ B . Obviously (2), (3) are equivalent.
Step 2. There exists no NITA satisfying c3  β3γ¯3.
In fact, if c3  β3γ¯3, then the left side of (15) always contains 6 times c3 so that 2c3d5 +
d2 contain 4 times c3. It is impossible by Step 1.5
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β3γ¯3 = d5 + N4, N4 ∈ B. (19)
Step 3. There exists no NITA such that (α3c3, β3) = (α3c3, γ3) = 1 and e6, f6 ∈ B .
At first, h6, e6, and f6 are distinct by Proposition 1. Suppose that β3β¯3 = 1 + c3 + l5.
By (18), we have that
1 = (α3α¯3, β3β¯3) = (α3β¯3, α3β¯3),
which implies that α3β¯3 ∈ B . But c3 ∈ α3β¯3 by (17), a contradiction. Hence
β3β¯3 = 1 + k3 + d5. (20)
It follows by the same reason that
γ3γ¯3 = 1 + l3 + d5. (21)
Then (19) implies that 2 = (β3γ¯3, β3γ¯3) = (β3β3, γ3γ¯3). Hence k3 = l3 by (20) and (21).
It follows from b3c23 = (b3c3)c3 and (8), (13), (18) that b3v3 + b3 + e6 + f6 = h6 + c3h6.
Since h6 = e6 or f6 (Proposition 1), we have that b3v3  h6, hence b3v3 = δ3 + h6, some
δ3 ∈ B \ {b3, c3}. Thus
c3h6 = δ3 + b3 + e6 + f6. (22)
Then 4 = (c3h6, c3h6) = (c23, h6h¯6) = 1 + (v3, h6h¯6) + (d5, h6h¯6) yields that (d5,
h6h¯6) 3. By (22), h6  c3h6, so c3  h6h¯6. Then
(b¯3h6, b¯3h6) = (b3b¯3, h6h¯6) = (1 + c3 + d5, h6h¯6) = 1 + (d5, h6h¯6) 4.
But (8), (18), and b¯3(b3c3) = (b¯3b3)c3 yield v3 + c3d5 = b¯3h6. Therefore,
(c3d5, c3d5) 3. (23)
It follows from 1 = (α3c3, β3) = (α3c3, γ3) = (α3β¯3, c3) = (α3γ¯3, c3) that
α3β¯3 = c3 + a6, α3γ¯3 = c3 + b6, a6, b6 ∈ N∗
(
B \ {c3}
)
. (24)
Now (15), (18), (19), (20), (21), and (24) yield
1 + k3 + l3 + 2c3 + b6 + b¯6 + a6 + a¯6 + 2d5 + N4 + N¯4 = 2(c3d5) + d25 . (25)
Now c3  c3d5; and by (25), the degrees of the constituents of c3d5 are at most 6. But
there are at most three constituents, by (23). Then (25) implies that a6, b6 ∈ B and c3d5 =
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(α3β¯3, α3γ¯3) = 1 + (a6, b6), and so a6 = b6. It follows that
c3d5 = c3 + a6 + b6; a6, b6 ∈ B and a6 + b6 = a¯6 + b¯6. (26)
Then by (25)
d25 = 1 + k3 + l3 + 2d5 + N4 + N¯4. (27)
Now b23β¯3 = b3(b3β¯3), (9), (24), (20), (19), (11) imply that
b3e¯6 = k3 + N¯4 + d5 + a6, (28)
and similarly, b23γ¯3 = b3(b3γ¯3) yields
b3f¯6 = l3 + N4 + d5 + b6. (29)
By (19), (20), (21), and (β3γ¯3)(β3γ¯3) = (β3β¯3)(γ3γ¯3), one has
(d5 + N4)(d5 + N¯4) = (1 + k3 + d5)(1 + l3 + d5),
and hence that
d4N4 + d5N¯4 + N4N¯4 = 1 + k3 + l3 + 2d5 + k3l3 + k3d5 + l3d5. (30)
By (27) and the fact that k3, l3 are distinct and real,
1 = (d25 , k3
)= (d25 , l3
)= (d5k3, d5) = (d5l3, d5).
So the RHS of Eq. (30) contains d5 with coefficient 4 or 5 (5 iff (k3l3, d5) = 1).
Suppose that N4 = N¯4. Then (d5N4, d5) = (d5N¯4, d5) = 1 by (27). Hence by (30),
(N4d5,N4) = (N4N¯4, d5) = τ , where τ = 2 or 3. Then N4d5  τN4 + d5 and N4N¯4 =
1 + τd5 + g, where g = g5 ∈ B \ {d5} if τ = 2, and g = 0 if τ = 3. So
τ 2 + 2 (N4d5,N4d5) =
(
N4N¯4, d
2
5
)= 1 + 2τ,
a contradiction. Thus we may assume that N4 = N¯4, and (30) becomes
2d5N4 + N24 = 1 + k3 + l3 + 2d5 + k3l3 + k3d5 + l3d5. (31)
Now (27) implies that (d5N4, d5) = (d25 ,N4) = 2, so that 4d5 appears in 2d5N4, and thus
(
N24 , d5
)= (k3l3, d5) = 1 or 0.
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(b¯3b3)N4 yield
k3 + l3 + 2d5 + a¯6 + b¯6 + N4 = c3N4 + d5N4. (32)
Since 2d5  d5N4, c3N4  k3 + l3 + a¯6 + b¯6 +N4. Then in order to total degree 12, N4 
c3N4. Then N4  d5N4 by (32), so (N24 , d5) = (k3l3, d5) = 1. It follows that (k3d5, l3) =
(l3d5, k3) = 1, so that
k3d5  l3 + d5, l3d5  k3 + d5. (33)
Therefore, the RHS of (31) contains no irreducible constituent of degree 6. Since 2d5 +
N4  d5N4, it follows that
7 (d5N4, d5N4) =
(
d25 ,N
2
4
)= (1 + k3 + l3 + 2d5 + 2N4,N24
)
.
Since 1+d5 N24 ,N24 does not have three irreducible constituents of degree 3, and 2N4 
N24 . It follows that N
2
4 equals one of 1 + d5 +N4 + k3 + l3,1 + d5 +N4 + 2k3, or 1 + d5 +
N4 + 2l3. In any case, exactly 3N4 occurs on each side of (31). Hence
k3l3 = d5 + N4, k3d5  l3 + d5 + N4, l3d5  k3 + d5 + N4. (34)
Then k3N4  d5, so k3N4  2N4. Thus 2k3 N24 , and similarly 2l3 N24 . Therefore,
N24 = 1 + d5 + N4 + k3 + l3. (35)
Now (33) yields that 2(k3 + l3)  RHS of (31). So by (35), d5N4 = 2d5 + N4 + k3 + l3.
But then 3(k3 + l3) RHS of (31). Then (34) implies that
k3d5 = k3 + l3 + d5 + N4 = l3d5. (36)
Since k3d5  k3 and k3l3  k3, then k23  d5 and k23  l3. By (36), (k23, d25 ) = (k3d5,
k3d5) = 4. It follows from (27) that
k23 = 1 + k3 + d5 = β3β¯3. (37)
So (k3β3, k3β3) = (k23, β3β¯3) = 3 and (k3, β3β¯3) = 1 imply that
k3β3 = β3 + i3 + j3, i3 = j3 ∈ B \ {β3}.
Then by (36) and (37),
(k3β3)β¯3 = β3β¯3 + i3β¯3 + j3β¯3 = 1 + k3 + d5 + i3β¯3 + j3β¯3 = k3(β3β¯3)
= k3(1 + k3 + d5) = k3 + k23 + k3d5 = k3 + 1 + k3 + d5 + k3 + l3 + d5 + N4.
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i3β¯3 + j3β¯3 = 2k3 + l3 + d5 + N4. (38)
But i3 + j3  k3β3 implies that k3  i3β¯3 and k3  j3β¯3. Hence, d5  i3β¯3 and d5  j3β¯3.
This contradicts (38) and completes the proof of Step 3.
Step 4. There exists no NITA such that (α3c3, β3) = (α3c3, γ3) = 1, one of e6 and f6 is not
in B .
Without loss of generality, assume that f6 /∈ B . Then (b¯3γ3, b¯3γ3) = 3 by Lemma 1.4.
By Lemma 1.5 one has that
γ3γ¯3 = b3b¯3 = 1 + c3 + d5. (39)
By (18) and (39), we have that (c3γ3, c3γ3) = (c23, γ3γ¯3) = 2. We may assume that
c3γ3 = γ3 + µ6, µ6 ∈ B. (40)
But α3 ∈ Supp{c3γ3} by (17). Hence α3 = γ3, a contradiction. 
This concludes the proof of theorem. 
5. NITA satisfying HP4
In this section, the NITA satisfying HP4 are discussed and the following theorem is
proved.
Theorem 5.1. There exist no NITA satisfying HP4.
Proof. By HP4, we have that
b3b¯3 = 1 + c4 + d4, (41)
where c4 = c¯4 = d4 = d¯4 ∈ B . So as before
b23 = α3 + β3 + γ3,
where α3, β3, γ3 ∈ B \ {b3} are distinct. Hence,
b¯3α3 = b3 + g6, b¯3β3 = b3 + k6, b¯3γ3 = b3 + l6 (42)
for g6, k6, l6 ∈ N∗(B \ {1, b3}). Then
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= b3(b3b¯3) = b3 + b3c4 + b3d4. (44)
It follows from (2) that neither b3c4 nor b3d4 has an irreducible component of degree 9.
Since b3  b3c4 and b3  b3d4, it follows that each of b3c4, b3d4 has at least three compo-
nents. Thus, (b3b¯3, c24) = (b3c4, b3c4) 3, (b3b¯3, d24 ) = (b3d4, b3d4) 3.
Therefore, c24  1 + 2c4 or 1 + c4 + d4 or 1 + 2d4; d24  1 + 2c4 or 1 + c4 + d4 or
1 + 2d4.
Hence,
neither c24 nor d
2
4 has an irreducible component of degree 5. (45)
By (42), (b3b¯3, α3β¯3) = (b¯3α3, b¯3β3)  1, so that α3β¯3  c4 or d4. Since 1  α3β¯3, it
follows that
α3β¯3, and similarly α3γ¯3 and β3γ¯3 have an irreducible component of degree 5. (46)
Now
b23b¯
2
3 = (α3 + β3 + γ3)(α¯3 + β¯3 + γ¯3) (47)
= (b3b¯3)2 = (1 + c4 + d4)2 = 1 + c24 + d24 + 2c4 + 2d4 + 2c4d4. (48)
By (46) and (47), b23b¯23 has at least six irreducible components of degree 5. Then by (45)
and (47), c4d4 has at least three irreducible components of degree 5. Then 1 c4d4, which
contradicts c4 = d4 = d¯4. This is the end of the proof. 
6. About NITA satisfying HP5
In this paper we classify NITA satisfying HP5 and b23 = b¯3 + b6, b6 real. The following
theorem is proved:
Theorem 6.1. The unique NITA satisfying HP5 and b23 = b¯3 + b6, b6 real, is exactly iso-
morphic to the algebra of characters of PSL(2,7).
Proof. By assumption
b3b¯3 = 1 + c8, (49)
b23 = b¯3 + b6, b6 real. (50)
Then by associative law of b23b¯3 = b3(b¯3b3) it follows that
b3c8 = b6 + b¯3b6,
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b¯3b6. Hence
b¯3b6 = b3 + c8 + x7, (51)
b3c8 = b3 + b6 + c8 + x7, (52)
where x7 ∈ N∗(B \ {b3, b6}). So (b3b¯3, b26) = 3 or 4 and (b26, c8) 3.
Therefore
3 (b¯3b6, b¯3b6) =
(
b3b¯3, b
2
6
)= 1 + (c8, b26
)
,
4 (b3c8, b3c8) =
(
b3b¯3, c
2
8
)= 1 + (c8, c28
)
,
which implies that
3
(
b26, c8
)
 2,
(
c28, c8
)
 3.
So we may assume that b26 = 2c8 + x20, where x20 N∗(B \ {b3}) with degree 20.
Let us calculate (b3b¯3)2 = b23b¯23. We have that
(b3b¯3)
2 = 1 + 2c8 + c28,
b23b¯
2
3 = b3b¯3 + b¯3b6 + b3b6 + b26
= 1 + c8 + b3 + c8 + x7 + b¯3 + c8 + x¯7 + 2c8 + x20.
Then
c28 = b3 + x7 + b¯3 + x¯7 + 3c8 + x20.
At the following we shall continue the proof based on the choice of (b26, c8) step by step.
Step 1. There exist no NITA satisfying HP5, b23 = b¯3 + b6, b6 real, and (b26, c8) = 3.
If (b26, c8) = 3, then b26 = 1 + 3c8 + x11, where x11 ∈ N∗(B \ {1, c8}) with degree 11.
Hence
b23b6 = b¯3b6 + b26 = b3 + c8 + x7 + 1 + 3c8 + x11,
(b3b6)b3 = b3b¯3 + b3c8 + b3x¯7 = 1 + c8 + b3 + b6 + c8 + x7 + b3x¯7,
which implies that
2c8 + x11 = b6 + b3x¯7.
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c8) = 2, which implies (x7, x7) = (b3c8, x7) = 2 by (52). Therefore x7 = z3 + z4 by
Lemma 1.3. Moreover
b3c8 = b3 + b6 + c8 + z3 + z4,
which implies that c8 ∈ Supp{b3z¯3}. Hence b3 = z3, a contradiction.
Step 2. (Ch(PSL(2,7)), Irr(PSL(2,7))) is the unique NITA satisfying HP5, b23 = b¯3 +
b6, b6 real, and (b26, c8) = 2.
Now we have that (b26, c8) = 2. Hence (b¯3b6, b¯3b6) = (b3b¯3, b26) = 1 + (b26, c8) = 3.
Therefore x7 is irreducible by (51), which implies that (b3c8, b3c8) = 4 and (b3b6, c8) = 1
by (52). Thus 3 = (b3c8, b3c8) − 1 = (b3b¯3, c28) − 1 = (c28, c8).
Substep 1. x7 is real.
Suppose that x7 is not real. Let us calculate (b3b¯3)b6 = (b¯3b6)b3. We have that
(b3b¯3)b6 = b6 + b6c8,
(b¯3b6)b3 = b23 + b3c8 + b3x7 = b¯3 + b6 + b3 + b6 + c8 + x7 + b3x7.
Hence
b6c8 = b3 + b¯3 + b6 + c8 + x7 + b3x7. (53)
Since (b26, c8) = 2, we have that (b6c8, b6) = 2, which implies that (b3x7, b6) = 1 by above
equation. Since x7 is not real and b6c8 is real, we have that x¯7 ∈ Supp{b3x7} by (53). Hence
b3x7 = b6 + x¯7 + v8, for some v8 ∈ N∗B. (54)
If v8 = c8, then x¯7 ∈ b3c8, which implies that x7 = x¯7, a contradiction. Hence v8 = c8 and
b6c8 = 2b6 + b3 + b¯3 + c8 + x7 + x¯7 + v8,
from which (b6x7, c8) = 1. Since b6 and c8 are real, then v8 is real.
Since c8 ∈ Supp{b¯3x7} by (52), we have that
b¯3x7 = c8 + y13,
where y13 ∈ N∗(B \ {1, b¯3, c8}) with degree 13. Hence
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(b3c8)b¯3 = b3b¯3 + b¯3b6 + b¯3c8 + b¯3x7
= 1 + c8 + b3 + c8 + x7 + b¯3 + b6 + c8 + x¯7 + c8 + y13,
which implies that
c28 = 1 + b3 + b¯3 + b6 + x7 + x¯7 + 3c8 + y13.
Since c8 is real, y13 is real too. Because x7 is not real, it follow that (c28, x7) = 1 and
(c8x7, c8) = 1.
Case I. Assume v8 is reducible. Then v8 = t3 + t5 or t4 + s4, where t3, t5, t4, and s4 ∈ B .
If v8 = t3 + t5, then b¯3t3 = x7 + x2 by (54), where x2 ∈ B , a contradiction. Hence we
may assume that v8 = t4 + s4. We assert that t4 = s4. Otherwise v8 = 2t4 and
b3x7 = b6 + x¯7 + 2t4.
So b¯3t4 = 2x7 + · · · , a contradiction. Thus
b3x7 = b6 + x¯7 + t4 + s4,
where t4, s4 ∈ B are distinct, the sum t4 + s4 is real. Hence x7  b¯3t4 and x7  b¯3s4 = b¯3t¯4.
Let b¯3t4 = x7 + x5, b¯3s4 = x7 + y5, where x5, y5 ∈ B . So
b¯3v8 = b¯3(t4 + s4) = 2x7 + x5 + y5.
Thus
b3v8 = 2x¯7 + x¯5 + y¯5.
Since
(b3b¯3)x7 = (1 + c8)x7 = x7 + x7c8,
b¯3(b3x7) = b¯3(b6 + x¯7 + v8) = b¯3b6 + b¯3x¯7 + b¯3v8
= b3 + c8 + x7 + b6 + x7 + t4 + s4 + 2x7 + x5 + y5.
We have that
x7c8 = b3 + 3x7 + c8 + t4 + s4 + b6 + x5 + y5.
By (b3b¯3)x7 = b3(b¯3x7) it follows that
b3y13 = 3x7 + t4 + s4 + x5 + y5.
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y13 = u + v + w and b3u + b3v + b3w = 3x7 + t4 + s4 + x5 + y5,
where u,v,w ∈ B . We come to unique choice of b3u,b3v, b3w, which is
b3u = x7 + x5,
b3v = x7 + y5,
b3w = x7 + t4 + s4.
Consequently y13 = u4 + v4 + w5 and b¯3x7 = c8 + u4 + v4 + w5. Since
b23x7 = (b¯3 + b6)x7 = b¯3x7 + b6x7 = c8 + u4 + v4 +w5 + b6x7,
b3(b3x7) = b3(b6 + x¯7 + t4 + s4) = b3b6 + b3x¯7 + b3t4 + b3s4
= b¯3 + c8 + x¯7 + u4 + v4 + w5 + c8 + 2x¯7 + x¯5 + y¯5,
then b6x7 = b¯3 + c8 + 3x¯7 + x¯5 + y¯5. Since
b23b6 = b¯3b6 + b26 = b3 + c8 + x7 + b26,
b3(b3b6) = b3b¯3 + b3c8 + b3x¯7 = 1 + c8 + b3 + b6 + c8 + x7 + c8 + u4 + v4 + w5,
we have that b26 = 1 + 2c8 + b6 + u4 + v4 + w5, w5 is real. Since
(b3x7)b6 = b26 + b6x¯7 + b6t4 + b6s4
= 1 + 3c8 + b3 + b6 + 3x7 + u4 + v4 + w5 + x5 + y5 + b6t4 + b6s4,
b3(b6x7) = b3b¯3 + b3c8 + 3b3x¯7 + b3x¯5 + b3y¯5
= 1 + 5c8 + b3 + b6 + x7 + 3u4 + 3v4 + 3w5 + b3x¯5 + b3y¯5.
It follows that 2x7  b3x¯5 + b3y¯5. It implies that x7  b3x¯5 and x7  b3y¯5. Thus x5, y5 
b3x¯7 = c8 + u4 + v4 + w5. Then
x5 = y5 = w5, x5, y5,w5 are real.
Consequently b¯3t4 = x7 + w5 = b¯3s4, 2 = (b¯3t4, b¯3s4) = (b3b¯3, t¯4s4). If 1 ∈ t¯4s4, then
t4 = s4, a contradiction. Hence 1 /∈ t¯4s4, then t¯4s4 = 2c8.
b3(t¯4s4) = 2b3 + 2b6 + 2c8 + 2x7,
(b3s4)t¯4 = (x¯7 + w5)t¯4 = x¯7t¯4 + w5 t¯4.
Since b3  x¯7t¯4, b3 w5t¯4, we need elements from 2b6 + 2c8 + 2x7 degree 25 to make up
x¯7t¯4, degree 17 to make up w5 t¯4, a contradiction.
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b3x7). Hence y13 = ri + sj , where i + j = 13, and i, j  4 and ri , sj real since y13 is real.
So
b¯3x7 = c8 + ri + sj .
Subcase I. Assume i = 4 and j = 9. Then
b¯3x7 = c8 + r4 + s9,
b3r4 = x7 + e5,
b3s9 = x7 + f20,
where e5 ∈ B and f20 ∈ N∗B . By (b¯3x7)b3 = (b3x7)b¯3, we have that
b¯3v8 + v8 = x7 + f20 + e5.
Thus v8  f20 and f20 = v8 + f12,where f12 ∈ N∗B . Therefore b¯3v8 = e5 + x7 + f12. By
b3(b3r4) = b23r4, we obtain that
b6 + x¯7 + v8 + b3e5 = x¯7 + e¯5 + b6r4.
Thus (b3e5, e¯5) 1. But (b3e5, v8) = 1. So b3e5 = e¯5 + v8 + b2, where b2 ∈ B , a contra-
diction.
Subcase II. Assume i = 5, j = 8. Thus y13 = r5 + s8, where r5, s8 ∈ B are real. Then
b¯3x7 = c8 + r5 + s8,
b3r5 = x7 + k8, where k8 ∈ N∗B,
b3s8 = x7 + l17, where l17 ∈ N∗B. (55)
By (b¯3x7)b3 = (b3x7)b¯3, we obtain that
b¯3v8 + v8 = x7 + k8 + l17. (56)
If v8 = k8 then
b¯3v8 = x7 + l17 = b3s8, (57)
and (b¯3v8, r5) = 1. Thus by (57) r5  l17 and (b3r5, s8) = 1. Consequently s8 = v8 and
(57) yields.
b¯3v8 = x7 + l17 = b3v8. (58)
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it follows that t5 is real and t5 = r5, so (b3t5, v8) = 1. By (b3v8)b3 = b23v8, we get that
3v8 +b6 + c8 +b3t5 = t5 +b6v8. Thus (b3t5, t5) 1 and consequently b3t5 = v8 + t5 +x2,
where x2 ∈ B , a contradiction. Therefore v8  l17, (b3v8, s8) = 1 and v8 = k8, k¯8. By (56)
we have also that (b3v8, k¯8) = 1 and b3v8 = x¯7 + k¯8 + t9, where t9 ∈ N∗B . Thus s8 =
k¯8 = k8 and k8 ∈ B is real. By (b3r5)b3 = b23r5 we obtain that v8 = s8 = k8, which yields a
contradiction.
Subcase III. Assume i = 6, j = 7. Thus y13 = r6 + s7, where r6, s7 ∈ B are reals. Then
b¯3x7 = c8 + r6 + s7,
b3r6 = x7 + z11, where z11 ∈ N∗B,
b3s7 = x7 + z14, where z14 ∈ N∗B. (59)
By (b¯3x7)b3 = (b3x7)b¯3, we obtain that:
b¯3v8 + v8 = x7 + z11 + z14, where z11, z14 ∈ N∗B. (60)
If v8  z11 then z11 = v8 + t3 and
b3r6 = x7 + v8 + t3,
b3v8 = x¯7 + t¯3 + z¯14.
Thus (b3t3, v8) = 1 which implies that b¯3 = t3 and b3b¯3 = 1 + v8. Thus v8 = c8, a contra-
diction. Therefore we may assume that v8  z14 and z14 = v8 + y6, where y6 ∈ N∗B .
If there exists z3  y6, z3 ∈ B , then (b3s7, z3) 1, a contradiction. Thus y6 ∈ B , and by
(60) b¯3v8 = x7 +y6 +z11. But b3s7 = x7 +v8 +y6, thus (b¯3v8, s7) = 1. Also (b3x7, x¯7) = 1
implies x7 = s7. Consequently s7  z11, z11 = s7 + u4 and b3v8 = x¯7 + y¯6 + s7 + u¯4. By
(b3r6)b3 = b23r6 we obtain that (b3s7, u¯4) = 1. On the other hand, b3s7 = x7 + v8 + y6, a
final contradiction. Substep 1 follows.
Substep 2. (Ch(PSL(2,7)), Irr(PSL(2,7))) is the unique NITA satisfying HP5, b23 = b¯3 +
b6, b6 real, and (b26, c8) = 2.
Till now we have that following equations:
b3b¯3 = 1 + c8, (61)
b23 = b¯3 + b6, (62)
b¯3b6 = b3 + c8 + x7, x7 is real, (63)
b3c8 = b3 + b6 + c8 + x7. (64)
By (63) and (64), we have that b6, c8 ∈ Supp{b3x7}. So we may assume that
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where r7 ∈ N∗B . Hence
b¯3(b3c8) = b¯3b3 + b¯3b6 + b¯3c8 + b¯3x7
= 1 + b3 + b¯3 + 2b6 + 2x7 + r¯7 + 4c8,
(b3b¯3)c8 = c8 + c28,
which implies that
c28 = 1 + b3 + b¯3 + 2b6 + 3c8 + 2x7 + r¯7. (66)
Because c8, b6, x7 are real, we have r7 is real.
Since
(b3b¯3)x7 = x7 + x7c8,
b¯3(b3x7) = b¯3b6 + b¯3c8 + b¯3x7
= b3 + c8 + x7 + b¯3 + b6 + c8 + x7 + b6 + c8 + r7,
we have that
x7c8 = b3 + b¯3 + 2b6 + x7 + r7 + 3c8. (67)
Hence (c28, x7) = (x7c8, c8) = 3, which implies that r7 = x7 by (67).
Further we have the following equations by associative laws:
b6x7 = b3 + b¯3 + b6 + 2x7 + 2c8, (68)
x27 = 1 + b3 + b¯3 + 2b6 + 2x7 + 2c8, (69)
b26 = 1 + 2c8 + x7 + 2b6, (70)
b6x7 = b¯3 + b3 + b6 + 2c8 + 2x7, (71)
b6c8 = b3 + b¯3 + 2b6 + 2c8 + 2x7. (72)
Now it follows from (61) to (72) that this table algebra is exactly the algebra induced
by characters of PSL(2,7). This is the end of the proof of Theorem 6.1. 
The Main Theorem follows now from Theorems 2.1–6.1. 
But we yet did not completely classify the NITA satisfying HP5.
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